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SECTION I. INTRODUCTION TO THE ANALYSIS 

Lesson No 1. Sets. Method of mathematical induction. Bernoulli's inequality 

 

The purpose of the lesson: to determine the content of the concept of "set", to learn how to 

perform various operations on sets, to work out the classification of numerical sets. To get 

acquainted with the method of mathematical induction used in proving mathematical statements, 

to use Bernoulli's inequality in proving inequalities. 

 

Issues for discussion: 

1. Definition of a set, operations on sets, their representation using Euler-Venn diagrams. 

2. Numerical sets. 

3. The method of mathematical induction, Bernoulli's inequality. 

 

Tasks solved in the classroom 

Example 1. Solve inequality 3 4 2 8x x x+ +  − . 

Since the meaning of the expression of the module under the sign changes its sign during the 

transition from positive to negative values, we will find these critical points: 3 0, 2 8 0x x+ = − =

, therefore, 1 23, 4x x= − = . Let us divide the numerical line with these points into intervals 

( 3], ( 3,4), [4, )−− − +  and at each interval reveal the moduli in the initial inequality by 

definition: 

1). 
( 3],

3 4 2 8

x

x x x

 −−

− − +  − +

 
( 3],

5 11

x

x

 −−



 

( 3],

2,2

x

x

 −−



 x ; 

2). 
( 3,4],

3 4 2 8

x

x x x

 −


+ +  − +
  

( 3,4],

7 5

x

x

 −



  

( 3, 4],

5

7

x

x

 −






  
5
,4
7

x
 

 
 

; 

3). 
(4, ],

3 4 2 8

x

x x x

 +


+ +  −
  

(4, ],

3 11

x

x

 +


 −
  

(4, ],

11

3

x

x

 +



 −


  (4, ]x + ; 

The solution to this inequality is the values 
5
,
7

x
 

 + 
 

of . 

 

Tasks for independent work 

1. Using Euler-Venn diagrams, show the validity of the following statements: 

a).  ( ) ( ) ( )X Y Z X Y X Z= ; 

b). ( ) ( ) ( )\ \ \A C В А В С В= ; 

c). ( ) ( )\ \ \A В С А С В= ; 

d). ( ) ( )\ \ \ \A В С А С В=  

2. Specify by enumerating all the elements of the set defined using the following 

characteristic properties: 

a).  5А х N x=   ; 

b).  0В х N x=    ; 
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c).  2C х Z x=   ; 

d). ( )( ) 23 1 0; 0=  − − = Д х Z x x х  

3. Define sets А В ; А В ; \А В  ; \В А if 

a).    05,2 2 −== xxZxBxZxA ; 

b).    ]2;1(,12 −=−= ZxBxZxA  ; 

c).    32,21 −=−= xZxBxZxA ; 

d).    1 2 , 1 2 3А х R x В x R x x=  −  =  − + −   ; 

e).    0127,020 22 +−=−+= xxRxBxxRxA  

4. Solve the equations 

a). 025432 =−++−+ xxx ; 

b). 045132 =−+−−+ xxx  ; 

c). 01345 =−−+++ xxx ; 

d). 423551 =−−++− xxx  

 

Tasks solved in the classroom 

Example 2. To  prove that  the identity is truen  for any natural: 

6

)12)(1(
...21 222 ++

=+++
nnn

n . 

1). Let's check the equality at 1=n : 1
6

6
1;

6

)12)(1(
12 ==

++
=

nnn
 - true. 

2). Suppose that equality is true at kn = , that is
6

)12)(1(
...21 222 ++

=+++
kkk

k ,  true. 

3). Let us prove the truth of the equation and at 1+= kn , that is, we shall prove  

6

)32)(2)(1(
)1(...21 2222 +++
=+++++

kkk
kk . 

Let's transform the left side of this equation by replacing the first k terms with the right part 

of the equation from point 2): 

( )

( )
.

6

)32)(2)(1(

6

672)1(

6

)1(6)12()1(

6

)1(6)12)(1(
)1(

6

)12)(1(

2

2
2

+++
=

+++
=

=
++++

=
++++

=++
++

kkkkkk

kkkkkkkk
k

kkk

 

Thus, we have proved the equality of point 3), using the equality of point 2), according to 

the MMI, this statement is true Nn . 

Example 3. To prove that 122 + nn
 with any natural . 3n  

1). With 3=n  inequality, it is true: 13223 + .  

2). Suppose that ( )3122 + kkk . 

3). Let's prove that inequality is true ( ) 1122 1 +++ kk . 

In fact, ( ) ( ) ( )1232122222 1 −++=+=+ kkkkk . But 012 −k  with any natural k . It 

follows 322 1 ++ kk
that inequality 122 + nn

 is valid for all natural . 3n  

Example 4. Prove that ( ) 6467403 12 −++ nn  for any natural . n  
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1). If 1=n , then 0674033 =−+ , and 640 . 

2). Suppose that at ( ) 6467403 12 −+= + kkn k . 

3). Let us prove the truth of the statement with 1+= kn , that is, that . ( )( ) 64671403 32 −+++ kk  

In fact, ( ) =−++=−++ ++ 67404039671403 1232 kk kk  

( ) ( ) ( ) =+−−+=+−−−+= ++ 5763206740394067408674039 1212 kkkk kk  

( ) ( )kkk 5964674039 12 −+−+= + , 

But the first term is divisible by 64 on the assumption, and the second term is divisible by 64, since 

one of the factors is 64. Therefore the sum will be divided by 64. Thus we have proved that 

( ) 6467403 12 −++ nn  for any natural number n . 

 

Tasks for independent work 

Using the method of mathematical induction, prove equations 

a). 
12

)23)(1(
)1(...3221

2
222 +−
=−+++

nnn
nn ; 

b). ( )
3

)14(
12...31

2
222 −
=−+++

nn
n  ; 

c). 

2

3 3 3 3 ( 1)
1 2 3 ... ,

2

n n
n n N

+ 
+ + + + =  

 
; 

d). ( ) ( )
( )
2

1
11...4321

1212222 +
−=−++−+−

−− nn
n

nn
 

6. Using the method of mathematical induction, prove the following inequalities 

a). 
32 , 10n n n   ; 

b). ( ) 712 1 +− nnnn
 ; 

c). Nnnnn + 234 ; 

d). 3153 + nnn
 

7. Prove that for any natural n    
19 8 9n n+ − −  is a multiple of 16. 

8. Prove that for any natural n  
3 2 3 15 2 3n n− − +  is a multiple of 19.  

9. Prove that for any natural n    ( )22 3 1n n n− +  is a multiple of 6. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 
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Lesson No 2. Function of a real variable 

 

The purpose of the lesson: to determine the content of the concept of "real function of a 

real argument", the main properties of functions, their simplest classification.   

 

Issues for discussion: 

1. The simplest classification of functions of a real variable is: monotonic, even and odd, 

periodic, bounded and unbounded functions.  

2. Ways to define functions.  

3. Arithmetic operations on functions.  

4. Basic elementary functions, their properties, graphs. 

 

Tasks solved in the classroom 

Example 5. Find the scope of the function definition 
2 2 3
7 12

5

x
y x x

x

−
= − + +

−
. 

The domain of this function consists of those values x at which both terms take real values. 

Therefore, 
2 7 12 0

5 0.

x x

x

 − + 


− 
 

Solving the quadratic inequality 
2 7 12 0x x− +  , we obtain 3x   and 4x  . Thus, the 

domain of definition of this function consists of a set of three intervals: 3x  ; 4x   ; 5x   (Fig. 

6). 

 

x43 5
 

Fig. 6 

 

Therefore, ( ) (   ) ( )+−= ;55;43;yD . 

Example 6. Set the parity or oddness of the function 
3 cos2y x x= . 

( ) ( ); ,Д у = − +  that is, the domain of the definition of the function is a symmetric set, 

( ) ( ) ( ) ( )
33 3cos2 , cos2 cos2f x x x f x x x x x= − = − − = − . Therefore, 

( ) ( )f x f x− = − that is, this function is odd. 

 

Tasks for independent work 

Find the scope of a function definition 

a). 
3 23 5 7 2y x x x= + − + ; b). 

1

7 2
y

x
=

−
 ; 

c). 
2

1

7 12

x
y
x x

−
=

− +
; d). 

2

2

5 4

1

x x
y

x x

− +
=

+ +
 ; 

e). 
5

4
y

x
=

−
 ; f). 

3

1

8
y

x
=

−
 ; 
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g). 
24y x= −  ; h). 

1

1

x
y

x

+
=

−
 ; 

i). ( )3 3y lq x= − ; j). ( )sin 2 3y x= +  ; 

k). 2y tg x=  ; m). ( )sin 5 8y arc x= −  

m). ( )
2

1
1

2
= + −

− + +
y lq x

x x
 ; o). ( ) 2

2 1y loq x x= − +  ; 

p). 5 3y x x= − + +  ; p). ( )2 1
2 1

3
y x lq x

x
= + − +

−
 ; 

c). 
( )2

sin

4

x
y
lq x

=
−

; t). 

2

2

5 6

1

x x
y lq

x x

− +
=

+ +
 ; 

s). 
( )
1

2
1

y x
lq x

= + +
−

 ; f). 
3 2

3 arcsin
5

x
y x

−
= − +  ; 

x). 
3

sin 4
2

x
y arc lq x

−
= − −  ; h). 

4
arccos

x
y

x

−
=  

11. Find the Function Value Area 

a). 
x

y
3cos2

1

−
= ; b). 

x

x
y

82 +
=  ; ; 

c). 
3

2

−

+
=
x

x
y ; d). 

1

42

−

−
=
x

x
y . . 

12. Which of the following functions are even, which are odd, which are neither even nor odd 

a) 
2 22y x x= − ; b) 

2y x x= − ; c) cosy x= ; 

d) 

2 5

6 120

x x
y x= − + ; 

e) sin cosy x x= − ; f) xxxf sin)( += ; 

g) 

2

23 2

x
y

x
=

−
; 

h) 
21)( xxq −= ; i) 

t

t
ts

+

−
=

1

1
lg)( ; 

j)  7;4,)( 3 −= xxxf .   

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 3. Calculating the Sequence Limit 

 

The purpose of the lesson: to consider the basic concepts of the theory of numerical 

sequences and their limits, to learn how to calculate the limits of numerical sequences. 
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Issues for discussion: 

1. The limit of the numerical sequence and its geometric meaning. 

2. Properties of converging sequences.  

3. Infinitely small and infinitely large sequences, the connection between them.  

4. Calculating the limits of a numerical sequence: uncertainty of the form 











, ( )− .  

5. Number e and natural logarithms. 

 

Tasks solved in the classroom 

Example 7. The sequence },1,1,1,1{})1{( 1 −−=− +n  does not tend to any limit. 

In fact, let us assume that this sequence has a limit equal to the number a . Let . 
3

1
=

Consider the vicinity of this point 







+−
3

1
,
3

1
aa . 

 

 
Fig. 21 

 

Its length is 2/3, i.e. 
3

2

3

1
,
3

1

3

1
;
3

1
=−−=








− . . Obviously, this neighborhood cannot 

contain both point 1 and point (-1) at the same time, because ( ) 322а,21;1 =− . For the 

sake of certainty, let us assume that point 1 does not belong to our neighborhood. But 1=nx  

with, ,5,3,1=n  that is, outside our neighborhood there are an infinite number of elements 

of the sequence. 

Thus, a point a  cannot be the limit of our sequence, and since this point is arbitrary, this 

sequence has no limit, that is, =− −

→

1)1(lim n

n
. 

Example 8. Prove that the sequence 
1 2 3
, , ,..., ,...
3 5 7 2 1

n

n +
  at n→  has the limit of 

the number 
1

2
. 

Let  be an arbitrary positive number. It is necessary to prove that there exists such a number 

( )N N=  that when the n N  inequality holds  
1

2
nu −   . 

Let us make the difference modulo 
( ) ( )

1 1 1

2 1 2 2 2 1 2 2 1

n

n n n
− = − =

+ + +
. Thus, the 

inequality 
1

2
nu −    holds if 

( )
1

2 2 1n
 

+
, from where ( )2 2 1 1n +    or 

1 1

4 2
n  −


. It 
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is clear that an  integer part of the number , i.e.  , , which 
1 1

4 2
−


was to be proved, 








−=
2

1

4

1


N  

can be taken as the number N. 

Let us give 
80

1
= , then 

2

1
19

2

1

80

1
4

1
=−



n . Therefore, starting from the number 20n =  

, the inequality , that is
1

2
nu −   , which means 

80

1

2

1

12
−

+n

n
 , will be fulfilled

1
lim
2 1 2n

n

n→
=

+
. From a geometric point of view, this means that 








+−
80

1

2

1
,

80

1

2

1
 the  first 19 

terms of the sequence are  outside 1921 ,...,, uuu the interval , and starting from the twentieth, all 

the terms of the sequence will fall within the specified interval. 

Example 9. The sequence ( )nnx 1−=  is constrained because 1=nx , but is divergent 

because it has no limit. 

 

Tasks for independent work 

1. Using the definition of the limit of the numerical sequence, to prove that 

a). 1
13

23
lim =

−

−

→
n

n

n

;    b). 
3

2

13

52
lim =

+

−

→
n

n

n

; 

c). 3
1

32
lim −=

+

−

→
n

n

n

;   d). .3
22

231
lim −=

+

−

→ n

n

n

 

2. Using the definition of the limit of the sequence, prove that lim n
n
u a

→
= . Give the number 

from which all the terms of the sequence  nu  are in    the vicinity of point a, if 

a).  
6 7

, 3, 0,001
11 2

n

n
u a

n

+
= = −  =

−
; 

b). 

2
4

2

3 2 3
, , 10

5 4 5
n

n
u a

n

−+
= =  =

+
 

Tasks solved in the classroom 

Example 10. Calculate the limit of each numerical sequence 

1. 7
5

35

41503
5

247
35

lim
415035

24735
lim

432

43

24

34

==

−−+

+−+

=











=

−−+

+−+

→→

nnn

nnn

nnn

nnn

nn
; 

2. ;0
1

0

91
1

47525

lim
9

47525
lim

54

542

5

34

==

−+

+−+

=











=

−+

+−+

→→

nn

nnnn

nn

nnn

nn
 

3. .
5

lim
1415

5
8130

lim
415

5830
lim

0234

345

32

52

=


=

++

++−

=











=

++

++−

→→→ nnn

nnn

nnn

nnn

nnn
 

From the above solution, it should be concluded: 
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1. If the major powers in the numerator and denominator are equal, then the limit is equal 

to the ratio of the coefficients for the higher powers; 

2. If the power of the numerator is less than the power of the denominator, then the limit is 0; 

3. If the power of the numerator is greater than the power of the denominator, then the limit is 

 . 

Example 11. Calculate 
( 1)! ( 1)!

lim
( 2)!n

n n

n→

− + +

+
. 

Let's use the property ! 1 2 ... ( 1)n n n=    − , then the numerator and denominator can be 

reduced to the form:  

( 1)! ( 1)! ( 1)!(1 ( 1)) 1 ( 1)
lim lim lim

( 2)! ( 1)! ( 1)( 2) ( 1)( 2)

1 ( 1) 1
lim lim 0 lim 0

( 1)( 2) ( 1)( 2) 2

n n n

n n n

n n n n n n n

n n n n n n n n

n n

n n n n n n n

→ → →

→ → →

− + + − + + + +
= = =

+ − + + + +

+
= + = + =

+ + + + +

 

Example 12. Calculate lim( ( 3) ( 2))
n

n n n
→

− − + . 

Let's get rid of the difference of infinitely large quantities, for this we multiply and divide 

by the expression conjugate to the given, thus obtaining the difference of squares 
2 2 2( ( 3) ( 2))( ( 3) ( 2)) ( ( 3) ( 2) ) 3 4 4

lim lim lim
( 3) 2 ( 3) 2 ( 3) 2

4
7

7 4 7
lim lim

2( 3) 2 3 2
1 1

n n n

n n

n n n n n n n n n n n n n

n n n n n n n n n

n n

n n n

n n

→ → →

→ →

− − + − + + − − + − − − −
= = =

− + + − + + − + +

− −
− −

= = = −
− + +

− + +

Example 13.  Calculate the limit 
n

n n

n
3

12

32
lim 









−

+

→
. 

Let us use the limit e
n

n

n
=








+

→

1
1lim , since, substituting the limit value of n, we will have 

an uncertainty of the form ( )1 , we get 

( ) =








−
+=









−

+−
==









−

+

→→



→

n

n

n

n

n

n nn

n

n

n
333

12

4
1lim

12

412
lim1

12

32
lim  

6
3
12

4
lim3

12

4

4

12

12

4
1lim ee

n

n
nn

n
n

n

n
==









−
+


−→


−


−

→
. 

 

Tasks for independent work 

1. Find lim n
n
u

→
if 

a).  
2 1

n

n
u

n
=

+
;     b).  

2 4 6 ... 2

2
n

n
u

n

+ + + +
=

+
; 

c).  
( )

( ) ( )

3 !

2 1 ! 2 !
n

n
u

n n

+
=

+ − +
;  d).  ( )3 23

nu n n n= − − . 

2. Calculate the limit of the numerical sequence: 

a). 
4 !

lim
( 2)!n

n

n→

+

+
; e). 

2 5
lim
7n

n

n n→

−

+
 ; 
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b). 
4

( 2)( 1)
lim

5 3n

n n n

n n→

− −

+ +
 ; 

c). 
2 2lim( )

n
n n n n

→
+ − − ; 

d). 
1 2 ...

lim
1 6n

n n

n→

+ + + 
− + 

 ; 

f). ( )3 3lim 1
n

n n
→

+ −  ; 

g). 

1 1 1
4 16 4

1 1 1
2 4 2

1 ...
lim
1 ...

n

n
n→

+ + + +

+ + + +
 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 4. Calculating the Limit of a Function 

 

The purpose of the lesson: to get acquainted with the basic concepts of the theory of function 

limits, to learn how to calculate the limits of functions, to use the rule of uncertainty disclosure. 

 

Issues for discussion: 

1. The limit of a function at a point and its properties.  

2. A rule for disclosing uncertainty when calculating the limit of a function. 

 

Tasks solved in the classroom 

Example 14. Calculate the limit of the function 

2

22

2
lim

1x

x x

x→

+ −

+
. 

Since ( )2

2
lim 1 5 0
x

x
→

+ =  , we apply the limit theorem of the quotient 

2

22

2 4 2 2 4
lim .

1 4 1 5x

x x

x→

+ − + −
= =

+ +
 

Example 15. Calculate the limit of the function 
xx

xx

x −

+−
=

→ 2

2

1

12
lim . 

Let's use the rule, decomposing the numerator and denominator of a fraction into factors, we 

get 
( )
( )

0
1

01
lim

1

1
lim

0

012
lim

1

2

12

2

1
==

−
=

−

−
=








=

−

+−
=

→→→ x

x

xx

x

xx

xx

xxx
. 

Example 16. Calculate the limit of the function 
128

86
lim

2

2

2 +−

+−

→ xx

xx

x
. 

2

1

4

2

6

4
lim

)6)(2(

)4)(2(
lim

0

0

128

86
lim

222

2

2
==

−

−
=

−−

−−
=








=

+−

+−

→→→ x

x

xx

xx

xx

xx

xxx
. 

Example 17. Calculate the limit of the function 
23

6116
lim

2

23

1 +−

−+−

→ xx

xxx

x
. 

2
)2)(1(

)3)(2)(1(
lim

0

0

23

6116
lim

12

23

1
−=

−−

−−−
=








=

+−

−+−

→→ xx

xxx

xx

xxx

xx
. 

Example 18. Calculate the limit of the function  
xx

xxxx

x −

+−−++

→ 2

22

0

11
lim . 
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Let us multiply the numerator and denominator of the fraction by the expression conjugate the 

numerator =
+−+++−

−+−++
=








=

−

+−−++

→→ )11)(1(

11
lim

0

011
lim

22

22

02

22

0 xxxxxx

xxxx

xx

xxxx

xx

1
)11(1

2

)11)(1(

2
lim

220
−=

+−
=

+−+++−
=

→ xxxxxx

x

x
. 

Example 19. Calculate the limit of the function  
1

1 2
lim

3 2x

x

x→

+ −

+ −
. 

( )( )( )
( )( )( )1 1

1 2 1 2 3 21 2
lim lim

3 2 3 2 3 2 1 2→ →

+ − + + + ++ −
= =

+ − + − + + + +x x

x x xx

x x x x
 

( )( )
( )( )

( )( )
( )( )1 1 1

1 2 3 2 1 3 2 3 2
lim lim lim

1 23 4 1 2 1 1 2→ → →

+ − + + − + + + +
= = = =

+ ++ − + + − + +x x x

x x x x x

xx x x x
 

1 3 2 2 2 4 2
2.

1 1 2 2 2 2 2 2

+ + +
= = = = =

+ + +
 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 5. Remarkable Limits 

The purpose of the lesson is to learn how to calculate the limits of functions using the first 

and second remarkable limits, their consequences, as well as the wonderful limits associated with 

exponential and logarithmic functions. 

 

Issues for discussion: 

1. The first remarkable limit, the consequences.  

2. The second remarkable limit, the consequences.  

3. Remarkable limits associated with exponential and logarithmic functions. 

 

Tasks solved in the classroom 

Example 20. Calculate the limit of the function 20

cos1
lim

x

x

x

−

→
. 

==







=

−

→→ 2

2

020

2
sin2

lim
0

0cos1
lim

x

x

x

x

xx
 

2

1

2

2
sin

4

1
lim2

2
2

2
sin

lim2
0

2

0
==





















=
→→ x

x

x

x

xx
. 
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Example 21. Calculate the limit of the function 
x

xtg

x 7sin

5
lim
0→

. 

7

5

5sin

5
lim

5

5
lim
7

5

0

0

7sin

5
lim

000
==








=

→→→ x

x

x

xtg

x

xtg

xxx
. 

Example 22. Calculate the limit of the function 
x

xx

x 4

cossin
lim

4/ −

−

→ 
. 

22

1

)4/(22

)4/sin(
lim

4

)4/sin(
2

2

lim
0

0

4

cossin
lim

4/4/4/
−=

−

−−
=

−

−−

=







=

−

−

→→→ x

x

x

x

x

xx

xxx 







 
. 

Example 23. Calculate the limit of the function 
x

x

x 2

cos
lim

2/ −→ 
. 

Let's calculate the limit using the substitution of the variable xy −= 2/ , from where 

yx −= 2/  and yx 22 +−=−  , then 

2

1sin
lim

2

)2/cos(
lim

0

0

2

cos
lim

002/
==

−
=








=

− →→→ y

y

y

y

x

x

yyx




. 

Example 24. Calculate the limit of the function 

3

1

3
lim

+

→









−

+
x

x x

x
. 

( ) =








−
+=









−

+−
==









−

+
+

→

+

→


+

→

333

1

4
1lim

1

41
lim1

1

3
lim

x

x

x

x

x

x xx

x

x

x
 

( ) ( )
4

3
1

4
lim3

1

4

4

1

1

4
1lim ee
x

x
xx

x
x

x

x
==









−
+=

+








−→

+
−


−

→
 

 

Tasks for independent work 

Calculate the limit of the function: 

a). 

22

65
lim

23

2

2 +−−

+−

→ xxx

xx

x
; 

b). 

1

23
lim

2

3

1 −

−−

−→ x

xx

x
; 

c). 

13

452
lim

23

23

1 −−−

+++

−→ xxx

xxx

x
; 

d). 

43

485
lim

23

23

2 −+

+++

−→ xx

xxx

x
; 

e). 

12

25
lim

1 −−

−−

→ x

x

x
; 

f). 

416

11
lim

2

2

0 −+

−+

→ x

x

x
; 

g). 

x

xx

x +−

+−+

→ 11

11
lim

2

0
; 

h). 

x

x

x 6

3sin
lim

0→
; 

i). 

x

x

x 10sin

4sin
lim

0→
; 

j). 

x

xtg

x 15

5
lim

0→
; 

k). 

xtg

xtg

x 3

7
lim

0→
; 

m). 

xxctgx 5sin4

1
lim

0→
; 

m). 
2

0 6

4cos1
lim

x

x

x

−

→
; 

a). 

x

x

x 4sin

6cos1
lim

2
0

−

→
; 

p). 

( ) xtgx

xxtg

x 24cos1

5sin3
lim

2

0 −→
; 

p). 

xx

xxtg

x 4sin

5sin3
lim

3

22

0→
; 
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c). 

x

xx

x sin

2sin7sin
lim

0

−

→
; 

t). 

xx

xx

x 8cos2cos

5coscos
lim

0 −

−

→
; 

y). 

24

5sin
lim

0 −+→ x

x

x
; 

f). 

x

xx

x 4sin

11
lim

2

0

−++

→
. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 6. Continuity of the function 

 

The purpose of the lesson: to learn how to study functions for continuity, to determine the 

classification of points of discontinuity of the function. 

 

Issues for discussion: 

1. The concept of continuity of a function.  

2. Function break points and their classification. 

3. Properties of functions that are continuous at a point.  

4. Properties of functions that are continuous on a segment. 

 

Tasks solved in the classroom 

Example 25. A function is given. Find its break points, if any, and the function jump at 

each break point: 

1) ( ) 2

1

4
f x

x
=

−
;   2) ( ) 2

3 5

2 10

x
f x

x x

−
=

+ +
; 

3) 
2411

8
)(

2 +−

−
=

xx

x
xf ;    4) ( )

1
arcctgf x

x
= . 

1) The zeros of the denominator of the function ( ) 2

1

4
f x

x
=

−
 are determined from the 

equation 
2 4 0x − = , from which the possible break points follow 2x =  . To check whether 

these points are really break points, let's calculate the one-way limits: 

22 0

1
lim

4x x→− −
= +

−
, 

22 0

1
lim

4x x→− +
= −

−
, 

22 0

1
lim

4x x→ −
= −

−
, 

22 0

1
lim

4x x→ +
= +

−
. 

As a result, it is easy to see that the points 2x = −  are 2x =  the  points of the second kind of 

rupture. 

2) Consider the function ( ) 2

3 5

2 10

x
f x

x x

−
=

+ +
. Let us find the zeros of the denominator 

from the equation 
2 2 10 0x x+ + = . It is not difficult to see that it has no real roots. Thus, the 

function ( )f x  is continuous over the entire number line. 

3) The breaking points in this case can be the zeros of the denominator, i.e. 8=x  and 

3=x . At the point 8=x  , the function is not defined, since when substituting 8=x  in a fraction 

we have uncertainty 








0

0
, let us calculate the limit of the function at 8→x : 
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( )( ) 5

1

3

1

38

8

2411

8

0

0

2411

8
limlimlimlim

88
2

8
2

8

=
−

=
−−

−
=

+−

−
=








=

+−

−

→→→→ xxx

x

xx

x

xx

x

xxxx

, 

Therefore, the point 8=x  is the point of the avoidable gap. Let's examine the point 3=x , for 

this we will calculate the one-way limits: 

−=
−

=
+−

−

−→−→ 3

1

2411

8
limlim

03
2

03 xxx

x

xx

, +=
−

=
+−

−

+→+→ 3

1

2411

8
limlim

03
2

03 xxx

x

xx

, 

On the basis of which we conclude that the point 3=x  is a point of infinite rupture (of the second 

kind). 

4) Let us first consider the function ( ) arcctgf y y= . Since the domain of this function 

is the entire numerical line, and it nowhere goes to infinity, the function ( )f y  is continuous over 

the entire domain of definition. Therefore, the only possible point of break of the function 

( )
1

arcctgf x
x

=  can be the point 0x = , in order to check whether the function ( )f x  is really 

broken here, let's calculate the one-way limits: 

( )
0 0

1
lim arcctg arcctg
x x


→ −

= − = ,  ( )
0 0

1
lim arcctg arcctg 0
x x→ +

= + = . 

As a result, we have that the function 0x =  ( )
1

arcctgf x
x

=  suffers a discontinuity of 

the first kind, making a jump −=−−+= )0()0( ffd . 

Example 26. Examine the continuity of the function and determine the type of break 

points, if any 











−+

−+

=

1,2

11,2

1,4

)( 2

xx

xx

xx

xf . 

Let's find one-sided limits: 

3)(lim

3)(lim

01

01

=

=

+−→

−−→

xf

xf

x

x
                                      

2)(lim

3)(lim

01

01

=

=

+→

−→

xf

xf

x

x
 

Thus, at the point x = -1 the function is continuous, the point x = 1 is the point of discontinuity 

of the first kind, let us determine the jump of the function at this point 

( ) ( ) 13200 00 −=−=−−+= xfxfd  (Fig. 23). 

 

 

Fig. 23 Fig. 24 

 

Example 27. Examine the continuity of the function and determine the type of break 

points, if any 
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









+



=

1,

10,1

0,cos

)( 2

xx

xx

xx

xf . 

Let's find one-sided limits: 

1)(lim

1)(lim

00

00

=

=

+→

−→

xf

xf

x

x
                                      

1)(lim

2)(lim

01

01

=

=

+→

−→

xf

xf

x

x
. 

We come to the conclusion that at point x = 0 the function is continuous, point x = 1 is a 

point of discontinuity of the first kind, and we will determine the jump of the function at this point 

( ) ( ) 12100 00 −=−=−−+= xfxfd  (Fig. 24). 

 

Tasks for independent work 

Investigate these functions for continuity 

a). ( )
1

32 1xf x −= + ;   b). ( )
5

3

x
f x

x

−
=

+
; 

c). ( )
1

34 2xf x −= + ;   d). ( )
1

29 xf x −= . 

3. To study these functions for continuity, to construct graphs of functions 

a). ( ) 2

4, 1,

2, 1 1,

2 , 1.

x x

f x x x

x x

+  −


= + −  
 

 

b). ( ) ( )
2

, 0,

1 , 0 2,

3, 2.

x x

f x x x

x x

− 


= − −  
 − 


 

c). ( )

cos , 2

0, 2 ,

2, .

x x

f x x

x



 






=  
 

 

d). ( )

1 , 0,

0, 0 2,

2, 2.

x x

f x x

x x

 − 


=  
 − 


 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 
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SECTION II. DIFFERENTIAL CALCULUS FOR FUNCTIONS OF A SINGLE 

VARIABLE 

Lesson No 7. Calculating a derivative by definition 

 

The purpose of the lesson: to define a derived function as the limit of a difference relation, 

to master the technique of finding such limits for elementary functions. 

 

Issues for discussion: 

1. Definition of a derivative, its geometric and mechanical meaning.  

2. Continuity of the differentiated function.  

 

Tasks solved in the classroom 

Example 28. Using the definition of a derived function (a method of direct differentiation), 

find the derivative for 
3

2

+
=
x

y . 

1. Find the incremental value of the function: 
3

2

++
=+

xx
yy . 

2. Find the increment of the function y : 

( ) ( ) ( ) ( )33

2

33

62262

3

2

3

2

+++

−
=

+++

−−−+
=

+
−

++
=

xxx

x

xxx

xxx

xxx
y . 

3. Make a difference relation 
x

y




: 

( ) ( )33

2

+++

−
=





xxxx

y
. 

4. Find the limit of the ratio 
x

y




 when 0→x :  

( ) ( ) ( )200 3

2

33

2
limlim

+
−=

+++

−
=




→→ xxxxx

y
xx

. 

Therefore, the derivative 
( )23
2

+
−=
x

y of . 

Example 29. Using the differentiation formulas, find theoutputs of the following 

functions 

1) 
2 5 4y x x= − + ;    2) 

2 33

5 1 1

3
y x

x xx
= + − + ; 

3) 
5 22 3

3

x
z x x

 
= − + 

 
;   4) ( )

2

2 1

x
f x

x
=

+
. 

1) ( ) ( ) ( ) ( )2 25 4 5 4 2 5y x x x x x
    = − + = − + = − . 

2) Transform this function using fractional and negative exponents 

1 2 1 3 2 3

2 33

5 1 1 1
5

3 3
y x x x x x

x xx

− − −= + − + = + − + . 
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( )

1 2 1 3 2 3 1 2 4 3

3 4

3 43 4

1 1 5
5

3 2 3

1 1 5 2 1
2 3

3 2 3

y x x x x x x

x x
x xx x

− − − − −

− −

 
 = + − + = − + 

 

+ + − = − + −

 

3) 1st method. Let's use the formula of the derivative of the product 

( )5 2 5 2 4 2 5

4 5 6 5 6 6 5 4

1
2 3 2 3 5 2 3 6
3 3 3 3

5 1
10 15 6 21 2 10

3 3

x x x
z x x x x x x x x

x x x x x x x x

        = − + + − + = − + + − + =       
       

= − + − + = − +

 

Method 2. First, we transform the original expression, and then we perform 

differentiation 

5 6 71
2 3

3
z x x x= − + ,  

4 5 610 2 21z x x x = − + . 

It is easy to see that in a number of tasks this method leads to results faster. 

4) Calculate the derivative as a quotient derivative 

( )
( ) ( ) ( )

( )

( )

( ) ( ) ( )

2 2 2 22

22
2

2 2 3 3

2 2 2
2 2 2

1 1

1 1

2 1 2 2 2 2 2
.

1 1 1

x x x xx
f x

x x

x x x x x x x x

x x x

  + − + 
 = = = 

+  +

+ −  + −
= = =

+ + +

 

 

Tasks for independent work 

1. Find derivatives of these functions by direct differentiation 

a). 323 +−= xxy ; b). 
3

1

−

+
=
x

x
y  ; ; 

c). 32 −= xy ; d). xy ln= . . 

2. Using differentiation formulas, find derivatives of the following functions 

a). 

2
23

3

x
y x x= + − ; 

b). 2y x x= −  ; 

c). 
2

1 1
s
t t

= + ; 

d). 
333 2 4z x x= − +  ; 

e). 
2

3

t
u
t

=
+

 ; 

f). 

2

2

3

3

x
v
x

−
=

+
 ; 

g). 3cos ctgy t t= −  ; 

h). 
1 cos

sin
r





+
=  ; 

i). ( )
1

x
f x

x
=

+
; calculate ( )1f  ; 

j). ( ) sin cosr    = + ; calculate ( )r  ; 

k). ( )
2 2

2 2

2

2

r x
u r

x r
= − ; calculate 

r x

du

dr =

 
 
 

; 

m). ( )2 2 tgz y y y= − ; calculate ( )0z . 

 

List of references recommended for use on this topic.  
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Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 8. Technique for finding derivatives 

 

The purpose of the lesson: to give a definition of a derived function, to master the technique 

of finding derivatives of elementary and complex functions, using the rules of differentiation and 

the table of derivatives. 

 

Issues for discussion: 

1. Rules of differentiation. Table of derivatives. 

2. A derivative of a complex function.  

 

Tasks solved in the classroom 

Example 30. Find a derivative for each function 

1). xxxxy 2cos
2

1
sincos += . 

First, let's perform the transformations xx
x

y 2cos
2

1
2sin

2
+= , 

=−++= )sin(cos2
2

1
2cos2

2

1
2sin

2

1
xxxxxy  

xxxxxxx 2coscossin2cos2sin
2

1
=−+= . 

2). 
12

2 2

+
=
x

ex
y

x

. 

=
+

−++
=

22

222

)1(

)2()1)(22(
222

x

exxxxexxe
y

xxx

 

22

24

22

3353

)1(

)1(2

)1(

22222
222222

+

++
=

+

−+++
=

x

xxxe

x

exexxeexex xxxxxx

. 

3). 
x

xx
tgy

sin2
ln −= . 

=
−

−=
−

−=
x

xxx

xxx

xxx

xx
tg

y
222 sin

cossin

2
cos
2

sin2

1

sin

cossin

2

1

2
cos

1

2

1
 

x

xx

x

xxxx

22 sin

cos

sin

cossinsin
=

+−
= . 

4). 
8

4

1

2

x

x
arctgy

−
= . 
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=
−+

+−−
=

−

−−−
















−
+

=
2828

1111328

28

4783

28

8 )1()1(

)1688()1(

)1(

2)8()1(8

)1(

4
1

1

xx

xxxx

x

xxxx

x

x
y  

8

3

28

83

28

113

1

8

)1(

)1(8

)1(

88

x

x

x

xx

x

xx

+
=

+

+
=

+

+
= . 

5). xexy x ln
22= . 

=+






 +=+









=
22222

ln22
1

ln 222 xxxxx xexxexxe
x

exxexy  

)ln2ln21(ln)1(2 22 222

xxxxexexxxe xxx ++=++= . 

 

Tasks for independent work 

Find derivatives of specified functions 

a). ( )xxy 3sin 3 += ;     b). ( )34 152 +−= xxy ; 

c). 
xy cos5= ;      d). ( )xy sin1ln += ;  

e). xy arcsin= ;     f). xey xtg 3cos= ; 

g). xy 5sinln= ;        h). 
2cos xey = ;    

i). xey
1

arcsin

= ;     j). 
21arccos xy −= ; 

k). ( )22ln axxy ++= ;   m).  ( )312 += xarctgy  ; 

m). 
21

arcsin
x

x
y

+
= ;   a). 

1

ln
1

2

2

−
−−=
x

x
xarctgy ; 

p) ( )xx eey 21ln ++= , calculate )0(y . 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 
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Lesson No 9. Differentiation of complex functions 

 

The purpose of the lesson: to master the technique of finding derivatives of complex 

functions, using the rules of differentiation and the table of derivatives. 

 

Issues for discussion: 

1. A derivative of a complex and inverse function. 

2. Differentiation of implicit functions. Logarithmic differentiation. 

3. Differential of the function, its geometric meaning. Properties of the differential.  

4. Derivatives and differentials of higher orders. Leibniz's formula. 

 

Tasks solved in the classroom 

Example 31. Find the derivative of  the y  function y defined by the equation 

0223 =++ yyxx . 

We differentiate both parts of the equation by the variable x , assuming that y  there is a 

function of x: 0223 22 =+++ yyyxxyx , we resolve the resulting equation with respect to 

the desired derivative y : ( ) xyxyxy 232 22 −−=+ , 
yx

xyx
y

2

23

2

2

+

+
−= . 

Example 32. Using the method of logarithmic differentiation, find the derivative of the 

function 3
2

2

1+
=
x

x
xy . 

Logarithming both parts of the equation, we get 

( )=+−+= 1ln
3

1
ln

3

1
lnln 22 xxxy ( )1ln

3

1
ln

3

2
ln 2 +−+ xxx , 

or  ( )1ln
3

1
ln

3

5
ln 2 +−= xxy . 

Differentiating both parts of the obtained equality, we have 

1

2

3

11

3

51
2 +

−=
x

x

x
y

y
;   

( )13

2551
2

22

+

−+
=

xx

xx
y

y
; 

( )13

531
2

2

+

+
=

xx

x
y

y
, 

whence it follows that 
( )


+

+
=

13

53
2

2

xx

x
yy

( )13

53

1 2

2

3
2

2

+

+


+
=

xx

x

x

x
xy . 

 

Tasks for independent work 

1. Find the derivative of y  the function y given in the implicit form 

a). 0223 =++ yyxx ;   b). 0=− xyytg ;  

c). ( ) 0cos =−− yyx ;    d). 02 =+
y

x
arctgyx ; 

e). 0sinln =−+

x

y
e yx
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2. Using the method of logarithmic differentiation, find derivatives of these functions 

a) 
( )

2

22

1

1

x

xx
y

−

+
= ;    b) 

x

x
xy

+

+
=
1

1 2

3
; 

c) 
( )

3
2

3

cos

1

x

xx
y

+
= ;   d) 

( )3
3sin

1

arcsin
2

x

xe
y

x

+


= . 

3. Using the method of logarithmic differentiation, find derivatives of exponentially power 

functions 

a) 
xxy = ;    b) ( ) x

xy
sin

cos= ;    c) ( ) xctg
xtgy = ; 

d) ( ) x

xy
arccos21−= ;   e) ( ) x

xarctgy
2arcsin

= . 

Tasks solved in the classroom 

Example 33. Find the differential dy of the function 
12+= xey . 

Based on the definition of the differential, we have 

( ) dxxedxedxydy xx =


== ++ 211 22

. 

This function can be represented as follows: y = eu, where u = x2 + 1, then we will have 

( ) dxxexdeduedy xxu =+== ++ 21 121 22

. 

Example 34. Find the Differential of the Dy Function 
xearctgy 3sin= . 

Find the derivative y , using the rule of differentiation of a complex function: 

( )
33cos

1

1 3sin

23sin


+
= xe

e
y x

x
, then 

( )
dxxe

e
dy x

x


+
= 33cos
1

1 3sin

23sin
. 

The dy differential  can also be found directly 

( )
( )

( )=
+

== x

x

x ed
e

earctgddy 3sin

23sin

3sin

1

1
 

( )
( )=

+
= xde

e

x

x
3sin

1

1 3sin

23sin ( )
dxxe

e

x

x


+
33cos

1

1 3sin

23sin
. 

Example 35. Find the differential dy  of a function y given implicitly by the equation 

01cossin 2 =−+ xyyx . 

Find the derivative y , to do this, differentiate both sides of the equation by x, considering 

y to be a  function of the argument x 

0sincos2cossin 2 =−++ xyxyyyyxy . 

From the resulting equality, we will express y  

( ) yxyxyyxy sinsincos2cos 2 −=+ ;  
xyyx

yxy
y

cos2cos

sinsin2

+

−
= . 

Therefore, the differential dx
xyyx

yxy
dy 

+

−
=

cos2cos

sinsin2

. 

Example 36. Find the approximate value of the function 7)( 2 += xxf  at x=3.02 based 

on its exact value at x=3. 
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Let x1=3 and x2=3, 02. Applying the approximate equation (5.7), we get: 

( ) ( ) ( ) ( ) ( ) 02,034302,3373702,302,3 22 +−+++= fff . 

To find ( )3f  , you must first differentiate this function and then find the numerical value of 

the derivative at x=3. 

( )
772

2

22 +

=

+

=

x

x

x

x
xf ,       ( )

4

3
3 =f . 

Thus, ( ) 015,402,0
4

3
4702,3 2 =++ . 

Example 37. Find the approximate value of the value of . 
47tg  

Let us consider the function xtgy = . It is known that 145 =tg . It is therefore convenient 

to put 
451 =x  and 

472 =x . In order to take advantage of the approximate equation (5.7), it 

is necessary to first find the value xtgy =  of the function and its derivative 
x

y
2cos

1
=  at 

4
451


== x : 2

4
,1

4
=








=







 
yy . Let us express the difference in radian measure 

035,0
90180

4547

4
47

180
12 ==

−
=−=−


xx . 

Therefore, 070,1035,02147 =+tg . 

Example 38. Find the approximate value of the value of . 3 46,26=A  

Consider the function . Since 
3 xy =  the function y = 3 at x=27, it is convenient to put x1=27 

and x2=26.46. Let's calculate the value of the derivative 
3 23

1

x

y



=  at x1=27: 

( )
27

1

33

1
27

2
=


=y . Using the approximate equation (5.7), we have 

( ) 98,202,032746,26
27

1
2746,26 33 =−=−+=A . 

 

Tasks for independent work 

1. Find Feature Differentials 

a). 
2

55sin xexy −−= ;   b). 
x

x
y

+

−
=

1

1
ln ; 

c). 







−=
42

ln
x

tgy


;     d). 
( )2

5
xarctg

y = . 

2. Using the approximate equation (5.7), calculate the approximate value of the 

specified functions for the specified values of the argument 

a). 23 −= xy ,  x=3.02; b). 
x

x
y

+

−
=
2

2
, x=0.02; c). 

21 xey −= ,  x=1.05. 

3. Using the approximate equation (5.7), calculate the approximate value of the 



24 

 

specified values 

a). 
61cos ; b). 

44tg ; c). 
2,0e ; d). 3 76,7 ; e). 05,1arctg ; f). 54,0arcsin . 

 

Tasks solved in the classroom 

Example 39. For these functions, find derivatives of the specified order 

1) 
5 37 2y x x= − + ; ?y =   2) lny x= ; 

( )5
?y =  

3) arctg2s x= ; ( )1 ?s − =  

1) Let us perform a sequential differentiation of the function y  

( )5 3 4 27 2 5 21y x x x x
 = − + = − , 

( )4 2 35 21 20 42y x x x x
 = − = − , 

( )3 220 42 60 42y x x x
 = − = − ; 

2) Performing a sequential differentiation of a function lny x= , we have 

( )
1

lny x
x

 = = ,  
2

1 1
y

x x

 
 = = − 

 
,  

2 3

1 2
y

x x

 
 = − = 

 
, 

( )4
3 4

2 6
y

x x

 
= = − 
 

, 
( )5

4 5

6 24
y

x x

 
= − = 
 

; 

3) First, let's perform a sequential differentiation of the function arctg2s x= : 

( )
( )

2 2

1 2
arctg2 2

1 41 2
s x

xx

 = = =
++

, 

( )
( )

( )
2

2 22 2 2

2 2 16
1 4

1 4 1 4 1 4

x
s x

x x x

   = = − + = − 
+  + +

, 

( )

( ) ( ) ( )( )
( )

( ) ( )

( ) ( ) ( )

2 2
2 2

2 4
2 2

2
2 2 2 2 2

4 3 3
2 2 2

16 1 4 16 1 4
16

1 4 1 4

16 1 4 16 2 1 4 8 16 64 256 192 16
.

1 4 1 4 1 4

x x x x
x

s
x x

x x x x x x x

x x x

   + − +
  = − = − =
 + +
 

+ −  +  + − −
= − = − =

+ + +

 

Substituting the value of the argument 1x = − , we have  

( )
( )

( )( ) ( )

2

3 3
2

192 1 16 192 16 176
1

1251 41 4 1

s
 − − −

 − = = =
++ −

. 

Example 40. Find the fourth-order derivative of the function xxy sin3 = . 

Assuming in Leibniz's formula (5.12) 4=n , we have 

)()()( 464)( IVIVIV uvvuvuvuvuvu ++++= . Let xvxu sin,3 == , 
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,sin,cos,sin,cos,sin

;0,6,6,3, 23

xvxvxvxvxv

uuxuxuxu

IV

IV

−=−=−===

=====
 

then 

( ) ( ) ( ) =+−+−+=


 xxxxxxxxx sincos34sin66cos64sin 323
 

.sincos12sin36cos24 32 xxxxxxx +−−=  

Example 41. Find a common expression of n the derived order of the function lny x=

. 

Let's find the first few derivatives 

( )
1

lny x
x

 = = ,  
2

1 1
y

x x

 
 = = − 

 
,  

2 3

1 2
y

x x

 
 = − = 

 
, 

( )4
3 4

2 2 3
y

x x

  
= = − 
 

, 
( )5

4 5

6 2 3 4
y

x x

   
= − = 
 

, 

whence the derivative  of n the -th order of the function  becomes apparent lny x=  

( ) ( )
( )1 1 !

1
nn

n

n
y

x

+ −
= − . 

Example 42. Find the second-order derivative  of the function y implicitly given by the 

equation 052 22 =−++ yxx . 

Differentiating both parts of the equation by the variable x and considering y  to be a function 

of x, we have 0222 =++ yyx , from which 
y

x
y

1+
−=  (1). Differentiating both parts of 

the equation (1) by the variable x, while considering y as a function of x, we get 

( )
2

1

y

yxy
y

+−
−=   (2).  Replacing it in the right part (2) y  with the expression of equation 

(1), we get 
( )
3

22

2

2

1

)1(

y

xy

y

y

x
y

y
++

−=

+
+

−= . 

Example 43. Find y  if the function is given by the equation 0=−+ xyey . 

01=−+ yyey , 
1

1

+
=

ye
y , 

( )21+


−=
y

y

e

ye
y , 

( )31+
−=

y

y

e

e
y , 

( ) ( )
( )

=

+

+−+
−=

6

23

1

131

y

yyyyy

e

yeeeeye
y  
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( )
( )

( )
( )54

1

21

1

31

+

−
−=

+

−+
−=

y

yy

y

yyy

e

ee

e

eeye
. 

Example 44. Find a second-order derivative 
2

2

dx

yd
if the function y of the argument x is 

given by parametric equations 





=

=

try

trx

sin

,cos
. 

Find the first-order derivative xy
dx

dy
= . Since tr

dt

dx
sin−= , a , tr

dt

dy
cos= then  

tctg
dx

dy
yx −== . To find the second-order derivative 

( )
dx

yd

dx

yd
y x==

2

2

, consider the first-

order derivative as a 
x
y  function of the parameter t and again apply the formula (5.12). Since  

( ) ( )

tdt

tctgd

dt

yd x
2sin

1
=

−
=


, a tr
dt

dx
sin−= , 

then 

( )
tr

tr
tdx

yd
322

2

sin

1
sin

sin

1


−=−= . 

Example 45. Find 
3

3

dx

yd
if 




=

=

3

,ln

ty

tx
. 

( )
( )

3
23

3
1

3

ln
t

t

t

t

t

dx

dy
yx ==





== ;  
( )
( )

3
23

2

2

9
1

9

ln

3
t

t

t

t

t

dx

yd
yx ==





== ; 

( )
( )

3
23

3

3

27
1

27

ln

9
t

t

t

t

t

dx

yd
yx ==





== . 

 

Tasks for independent work 

1. Find Feature Differentials Implicitly Defined 

a). 023 =++ xyyx ;       b). 0ln 22 =+− yx
x

y
arctg . 

2. Using Leibniz's formula, find a fourth-order derivative for functions 

a). xexy = 3 ;    b). xxy ln4 = . 

3. Find y  From Function y Implicitly Specified 

a). 0=+− xyyarctg ;    b). 0=−+− yx eeyx . 

4. Find the second-order derivative 
2

2

dx

yd
 of the y function specified in the parametric 

view 

a). 
( )




+=

=

21ln

,

ty

tarctgx
;    b). 







−=

=

21

,arcsin

ty

tx
. 
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List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

Lesson No 10. Basic Theorems of Differential Calculus 

 

The purpose of the lesson: to master the basic theorems of differential calculus, their 

geometric meaning, to learn how to apply L'Hôpital's rule when calculating the limits of functions. 

 

Issues for discussion: 

1. Fermat's theorem, its geometric meaning. 

2. Rolle's theorem, its geometric meaning. 

3. Lagrange's theorem, its geometric meaning. 

4. Cauchy's theorem on finite increments, its geometric meaning.  

5. L'Hôpital's rule for the disclosure of uncertainties. 

 

Tasks solved in the classroom 

Example 46. The function ( ) xxxf 82 +−=  is differentiable at the segment  6;2  and at 

the ends of the segment takes equal values: ( ) 121642 =+−=f , ( ) 1248366 =+−=f . 

Therefore, according to Rolle's theorem, there ( )6;2  is at least one value  of the argument x on 

the interval at which the derivative ( )xf   is converted to zero. Indeed, ( ) 82 +−= xxf from 

where it can be seen that the 4=x  derivative ( )xf   is reversed to zero. 642   

Example 47. Determine the value   in the Lagrange formula for the function ( ) xxf ln=  

on the segment  e;1 . 

According to the condition of the problem, we have: a=1, b=e, ( ) 01ln ==af , 

( ) 1ln == ebf  ( ) xxf ln=  ( )
x

xf
1

=  ( )



1

=f . Applying Lagrange's theorem, we will 

have: ( )1
1

01 −=− e


, from where 1−= e . 

 
Fig. 25 

Example 48. Write the Cauchy formula for the functions ( ) 3xxf =  and ( ) 2xxg =  and 

define the value  on the segment  1;2− . 
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Under the condition we have ( ) ( ) 82 3 −=−=af , ( ) 113 ==bf , ( ) ( ) 42 2 =−=ag  

( ) 112 ==bg , . Further, ( ) 23xxf = , ( ) 23 =f  ( ) xxg 2=   . ( )  2=g Substituting in 

the Cauchy formula, we get 
( )





2

3

41

81 2

=
−

−−
, from where 2−= . 

 

Tasks for independent work 

1. To show that between the two roots of the function 6)( 2 −−= xxxf  there is a root derivative 

)(xf  . 

2. On the parabola y=x2+3x-4, two points are given: A(-4, 0) and B(2,6). Find point C on the arc 

AB, at which the tangent is parallel to the chord AB. 

3. Determine the value of c in the Lagrange formula for functions 

a). f(x)=ln x on the segment [1,2]; 

b). f(x)=arcsin x on the segment [0,1]; 

c). f(x)=arctg x on the segment [0,1]. 

4. Write the Cauchy formula and find c for the specified functions 

a) ( ) xxf sin= and ( ) xx cos=  on the segment 








2
,0


; 

b). xxf cos)( = and ( ) xxx sin−= on the segment 








2
,0


. 

Tasks solved in the classroom 

Example 49. Find the limit
ee

xx
xx −

+−

→

ln1
lim

2

1
. 

As can be seen, when an attempt is made to calculate the limit directly, an uncertainty of the 

form 








0

0
. The functions included in the numerator and denominator of the fraction satisfy the 

requirements of L'Hôpital's theorem: f(x)=2x+
х

1
; g(x) = ex; therefore, 

eee

x
x

xg

xf
xxx

312

1
2

lim
)(

)(
lim

11
=

+
=

+

=




→→
. 

Example 50. Calculate 
x

x

x 3sin

11
lim
0

−+

→
. 

( )
( ) 6

1

13cos

1
lim

6

1

3cos3

12

1

lim
3sin

11
lim

0

0

3sin

11
lim

0000
=

+
=+=




−+

=







=

−+

→→→→ xxx

x

x

x

x

x

xxxx
. 

Example 51. Find the limit 

1

2
lim

3

−

−

→
x

x

e

arctgx
. 
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21

2
)(

x
xf

+
−= ;  

2

3
3

)(
x

exg x −
= ;  

3

2

)3(1)10(

2

)3()1(

2
lim

3

2

2

=
−+

−
=



















−+

−
→

x
x

ex

x
. 

If, when solving the example after applying L'Hôpital's rule, the attempt to calculate the limit 

again leads to uncertainty, then L'Hôpital's rule can be applied a second time, a third time, and so 

on, until the result is obtained. Naturally, this is possible only if the newly obtained functions in 

turn satisfy the requirements of L'Hôpital's theorem. 

Example 52. Find the limit 
x

x

x ex

xe

+→

2
lim . 

)
2

1
1()( 2 xexf

x

+= ;  
xexg += 1)( ; 

)4(
4

1

42

1

2

1
)( 2222 xee

x
eexf

xxxx

+=++= ;  
xexg = )( ;  

2

2 )4(
4

1

lim

)4(
4

1

lim
xxx

x

x

e

x

e

xe +

=

+

=
→→

; 

4

1
)( = xf ;  2

2

1
)(

x

exg = ;  0

2

1
lim

2

=
→ xx

e

. 

It should be noted that L'Hôpital's rule is just one of the ways to calculate limits. Often, in a 

particular example, along with L'Hôpital's rule, some other method can be used (substitution of 

variables, multiplication, etc.). 

Example 53. Find the limit 
xx

xee xx

x sin

2
lim
0 −

−− −

→
. 

2)( −+= −xx eexf ;  xxg cos1)( −= ; 







=

−

−+
=

−

−+ −

→ 0

0

11

211

cos1

2
lim
0 x

ee xx

x
  - 

again there is uncertainty. Let's apply L'Hôpital's rule again: 
xx eexf −−= )( ; xxg sin)( =

; 







=

−
=

− −

→ 0

0

0

11

sin
lim
0 x

ee xx

x
  - apply L'Hôpital's rule again

xx eexf −+= )( ; 

xxg cos)( = ;  2
1

2

cos
lim
0

==
+ −

→ x

ee xx

x
. 

Uncertainties of the form ( ) ( ) ( )00 ;1;0 
 can be revealed using logarithm. Such 

uncertainties occur when finding the limits of functions of the form   )()( xgxfy =  , f(x)>0 near 
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the point a at x→a. To find the limit of such a function, it is enough to find the limit of the function 

ln y = g(x)lnf(x). 

Example 54. Find the limit 
x

x
x

x

0
0

lim


→

. 

Here y = xx, lny = xlnx, then 

0lim
/1

/1
lim

1

ln
limlnlimlnlim

0
02

0
0

0
0

0
0

0
0

=−=
−

===


→


→


→


→


→

x
x

x

x

x
xxy

x
x

x
x

x
x

x
x

x
x

. 

Therefore 1limlim;0limlnlnlim

0
0

0
0

0
0

0
0

====


→


→


→


→

x

x
x

x
x

x
x

x
x

xyyy . 

Example 55. Find the limit 
xx e

x

2

2

lim
→

. 

xexgxxf 22)(;2)( == ; 











=

→ xx e

x
2

lim  - get uncertainty. We apply L'Hôpital's rule 

again
xexgxf 24)(;2)( == ; 0

1

2

1
lim

2
=


=

→ xx e
. 

 

Tasks for independent work 

Using L'Hôpital's rule, calculate the limits of functions 

1). 
67

22
lim

3

23

1 +−

+−−

→ xx

xxx

x
;   2). 

1

ln
lim
1 −→ x

x

x
;    3). 

( )x
e x

x 21ln

1
lim

2

0 +

−

→
; 

4). 
30

sin
lim

x

xx

x

−

→
;   5). 

x

ee xx

x 2cos1

2
lim
0 −

−+ −

→
;    6). 

xx

xxtg

x sin

sin
lim
0 −

−

→
; 

7). 
( )2

2
2

sinln
lim

x

x

x −→ 
;  8). 

x

xxtg

x 30 sin

sin
lim

−

→
;     9). 

2
lim

x

ex

x →
; 

10). 
( )x
x

x +→ 1ln
lim ;   11). 

xec

x

x cos

ln
lim
0→

;    12). 
xtg

xtg

x 5
lim

2


→

; 

13). ( )xx
x

sinlnlim
0


→

;   14). ( ) xtgx
x

−
→

2lim

2




;  15). ( ) xtgx
x

−
→

12lim

2

1
; 

16). 
( )







+
−

→ xxx 1ln

11
lim
0

;   17). 







−

→ x
xctg

x

1
lim
0

;  18). ( ) x

x
x

ln

1
1lim −

→
; 

19). 

xtg

x x









→

1
lim
0

;   20). ( ) xtg

x

xsinlim

2


→

. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 
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Lesson No 11. Using a derivative to study a function 

 

The purpose of the lesson: to learn how to use the apparatus of differential calculus in the 

study of functions.  

 

Issues for discussion: 

1. Signs of increasing and decreasing functions.  

2. Function extremum.  

3. The smallest and largest values of the function on the segment. 

4. Convexity, concavity of the function graph. Inflection points of the function graph. 

5. Asymptotes of the function graph. 

 

Tasks solved in the classroom 

Example 56. Investigate xxxy 33 23 ++=  the function of increasing and decreasing. 

First we find the derivative of this function 363 2 ++= xxy , then the intervals of the 

sign constancy of the function, for which we define the zeros of the function 

( )22 13363 +=++= xxxy , ( ) 1013 2 −==+ xx mark them on the set of its definition 

and place the signs of the derivative in each of the obtained intervals 

 

 
Fig. 26 

 

From the figure it can be seen that the function is increasing over the entire definition domain 

xxxy 33 23 ++=  . 

Example 57. Investigate the extremum of the function 23
3

2
3

+−−= xx
x

y . 

Let us define the critical points of the function: 322 −−= xxy , 0322 =−− xx , from 

where 11 −=x  and 32 =x  - critical points. Let us define the signs of the first derivative near the 

found critical points. For this purpose, it is convenient to represent the derivative as a product of 

factors ( )( )31 −+= xxy . We see that on the interval ( )1;−−  the  derivative 0y , on the 

interval ( )3;1−  the  derivative 0y  , and on the interval ( )+;3  the derivative 0y . 

Therefore, at the critical point  there is 11 −=x  a maximum. At the critical point 32 =x  The 

derivative y  changes its sign from minus to plus, at this point the function has a minimum 

( ) ( )
3

2
3231

3

1
1 2 =++−−−=−= yyмакс , 

( ) 729993 −=+−−== yyмин . 

Extremes: 







−

3

2
3;1A  and ( )7;3 −B . 
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Fig. 27 

 

Example 58. Find the highest and lowest values of the function 355 345 ++−= xxxy  

on the segment  2,1− . 

Find the critical points belonging to the interval ( )2,1− , and the values of the function at 

these points 
234 15205 xxxy +−= , , 015205 234 =+− xxx , 01 =x , 12 =x  33 =x . 

The critical point 33 =x  does not belong to the given segment. Let us calculate the values 

of the function at two critical points ( ) 30 =y , ( ) 41 =y . Calculate the values of the function at 

the ends of the given segment ( ) 81 −=−y , ( ) 52 −=y . Comparing the results obtained, we have: 

the largest value ( ) 41 == yM of the function , and the smallest ( ) 81 −=−= ym . 

Example 59. Find the inflection points and determine the convexity and concavity intervals 

of the curve 23
3

2
3

+−−= xx
x

y . 

Let us find the second derivative of the function 322 −−= xxy , 22 −= xy . Let us 

define critical points of the second kind 022 =−x , from which we can see that the point 10 =x  

divides the entire domain of the definition of this function into two intervals ( )1;−  and ( )+;1
; in the first interval the second derivative is negative, and in the second it is positive. Therefore, 

the point 







−
3

5
;1P  is the inflection point of the graph of the function. The curve is convex at the 

interval ( )1;−  and concave at the interval ( )+;1 . 

Example 60. Find asymptotes and plot the function 
x

xx
y

122 −+
= . 

1) Vertical asymptotes: y→+ , x→0-0:  y→- , x→0+0, hence x = 0- vertical asymptote. 

2) Oblique asymptotes: 

1
12

1lim
12

lim
22

2

=







−+=

−+
=

→→ xxx

xx
k

xx
, 

=












 −−+
=














−

−+
=−=

→→→ x

xxx
x

x

xx
xxfb

xxx

222 12
lim

12
lim))((lim  
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2
1

2lim
12

lim =







−=







 −
=

→→ xx

x

xx
. 

Thus, the line y = x + 2 is an oblique asymptote. 

Let's plot the function. 

 

 
Fig. 28 

 

Example 61. Find asymptotes and plot the function 
29

9

x

x
y

−
= . 

The lines x = 3 and x = -3 are the vertical asymptotes of the curve. We find the oblique 

asymptotes 0
9

9
lim

2
=

−
=

→ x
k

x
, 0

1
9

9

lim
9

9
lim

2

2
=

−

=
−

=
→→

x

x

x

x
b

xx
. 

y = 0 – horizontal asymptote. 

 

 
Fig. 29 

 

Example 62. Find asymptotes and plot the function 
2

322

+

+−
=

x

xx
y . 

The line  x = -2 is the vertical asymptote of the curve. 

Let's find the oblique asymptotes: 
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1
2

1

32
1

lim
2

32
lim

)2(

32
lim

2

2

22

=

+

+−

=
+

+−
=

+

+−
=

→→→

x

xx

xx

xx

xx

xx
k

xxx
, 

=














+

−−+−
=














−

+

+−
=

→→ 2

232
lim

2

32
lim

222

x

xxxx
x

x

xx
b

xx
 

4
2

1

3
4

lim
2

34
lim −=

+

+−

=
+

+−
=

→→

x

x

x

x

xx
. 

So, the line y = x – 4 is an oblique asymptote. 

 

 
Fig. 30 

Example 63. Examine a function 
12

3

−
=
x

x
y  and plot it. 

Find the area of the function definition: (-; -1)  (-1; 1)  (1;  ). In turn, it can be seen 

that the lines x = 1, x = -1 are vertical asymptotes of the curve, since the discontinuity points of 

the second type of function are the points x = 1, x = -1. The range of values of this function is 

the interval (-;  ). If 0=x , then 0=y , that is, the point (0; 0) belongs to the graph. This function 

is neither odd nor even. 

Let's define the critical points, for this we will find the derivative of the function: 

( )
22

22

22

24

22

424

22

322

)1(

3

)1(

3

)1(

233

)1(

2)1(3

−

−
=

−

−
=

−

−−
=

−

−−
=

x

xx

x

xx

x

xxx

x

xxxx
y . 

Critical points: x = 0;  x = - 3 ;  x = 3 ; x = -1; x = 1. Let's establish  the intervals of 

increasing and decreasing function by defining the signs of the derived function on the intervals: 

 

 
Fig. 31 
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- < x < - 3 ,      y > 0, the function increases 

- 3  < x < -1,       y < 0, function decreases 

-1 < x < 0,            y < 0, function decreases 

0 < x < 1,             y < 0, function decreases 

1 < x < 3 ,         y < 0, function decreases 

3  < x < ,        y > 0, the function increases 

It can be seen that the point x = - 3  is the point of the maximum, and the point x = 3  is 

the point of the minimum. The values of the function at these points are equal to 3 3 /2 and -3

3 /2, respectively, in other words, the extreme points are A(- 3 ; 3 3 /2) and B( 3 ;-3 3 /2). 

Next, we look for the second derivative of the function: 

=
−

−−−−−
=

42

224223

)1(

)1(4)3()1)(64(

x

xxxxxxx
y  

=
−

−−−+−−
=

42

324243

)1(

)44)(3()12)(64(

x

xxxxxxxx
 

=
−

−++−−+−+−
=

42

355735357

)1(

1212446126484

x

xxxxxxxxxx
 

32

2

42

22

42

24

42

35

)1(

)3(2

)1(

)1)(3(2

)1(

)32(2

)1(

642

−

+
=

−

−+
=

−

−+
=

−

−+
=

x

xx

x

xxx

x

xxx

x

xxx
. 

So, the critical points of the second kind are: x = 0;  x = -1; x = 1. Determine  the convexity 

and concavity of the curve at the intervals: 

x -2 -1 

2

1
−  

0 

2

1
 

1 2 

y   -   + 0 -   + 

U iss. Break vogn. kink iss. Break vogn. 

- < x < -1,       y < 0, convex curve, 

-1 < x < 0,         y > 0, concave curve, 

0 < x < 1,          y < 0, convex curve, 

1 < x < ,         y > 0, the curve is concave. 

Inflection point ( )0;0P . 

Vertical asymptotes were mentioned above. Now let's find oblique asymptotes 

;1
1

1

1
lim

1
lim

2

2

2

=

−

=
−

=
→→

x

x

x
k

xx
   

0
1

1

1

lim
1

lim
1

lim
1

lim

2

22

33

2

3

=

−

=
−

=














−

+−
=














−

−
=

→→→→

x

x

x

x

x

xxx
x

x

x
b

xxxx
. 

Thus, the equation of the oblique asymptote is y = x. Let's construct  a  graph of the function 

based on the results of the study. 
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Fig. 32 

 

Tasks for independent work 

Determine the intervals of increasing and decreasing of the following functions 

a). 322 +−= xxy ;     b). xxxy ++= 33 23
; 

c). 124152 23 +−+−= xxxy ;  d). 
2−

=
x

x
y  ; 

e). xxy sin+= ;     f). 
xexy −= 2
.  

7. Find stationary points of functions  

a). 462 −−= xxy ;     b). 53632 23 +−+= xxxy . 

8. Find Feature Critical Points 

a). xy = ;     b). ( ) 3 21 xxy −= ; 

c). ( )3 23 2 22 −−= xxy ;   d). 
x

e
y

x22

= . 

9. Investigate the extremum of the function  

a). 542 2 +−= xxy ;     b). 
24

4

x

x
y

+
= ; 

c). 3 423 −−= xy ;    d). 8
2

+= xey ; 

e). 
x

xy
1

ln += ;      f) xarctgxy −= . 

10. Find the largest and smallest value of the function on a given segment 

a). 
13 += xexy ,  0;4− ;    b). 

29 x

x
y

−
= ,  2;2− ; 

c).  3,3,
52

)3(2
2

2

−
+−

+
=

xx

x
y ;   d).  2,1,

)2(

4
3

2
−

+
−−=
x

xy ; 

e).  4,2,59
108

2 2 −+=
x

xy ;   f).  5,2,13
1

16
22 −

−
+−=
x

xxy . 

11. Find the inflection points and determine the convexity and concavity intervals of the given 

curves 
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a). 4126 23 ++−= xxxy ;   b). 
122

3

+
=
x

x
y ; 

c). 
3 2 1−= xy ;     d). xxy ln2 = . 

12. Find the asymptotes of the specified curves 

a). xarctgxy = ;     b). 
2

92 2

+

−
=
x

x
y ; 

c). 
3 23 6xxy −= ;     d). 

xexy −= .  

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 12. Complete Function Study and Graphing 

 

The purpose of the lesson: to conduct a complete study of the function according to the 

previously worked out scheme and to build its graph. 

 

Issues for discussion: 

1. Scheme of a complete study of a function and its construction. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 
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SECTION III. INTEGRAL CALCULUS FOR FUNCTIONS OF A SINGLE 

VARIABLE 

 

Lesson No 13. Indefinite integral and its properties 

 

The purpose of the lesson: to master the concepts of the primitive and indefinite integral, the 

main properties of the indefinite integral. 

 

Issues for discussion: 

1. Primitive and indefinite integral. 

2. Geometric meaning of an indefinite integral, its properties. 

3. Direct integration method (using the properties of an indefinite integral and a table). 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 14. Variable replacement method 

 

The purpose of the lesson: to master the method of integration - the method of replacing a 

variable (substitution method). 

 

Issues for discussion: 

 1. Variable replacement method (substitution method). 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 15. Method of integration in parts 

 

The purpose of the lesson: to master the method of integration in parts. 

 

Issues for discussion: 

1. Method of integration in parts. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 16. Integration of rational functions 

 

The purpose of the lesson: to master the integration of various rational functions. 

 

Issues for discussion: 

1. Integration of elementary fractions. 
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2. Integration of rationalities by means of decomposition by the sum of simple fractions 

(method of indeterminate coefficients). 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 17. Integration of irrational functions 

 

The purpose of the lesson: to master the integration of various irrational functions. 

 

Issues for discussion: 

1. Integral of the form  













+

+
dx

dcx

bax
xR n, , where n is a natural number. 

2. Integration of binomial differentials. 

3. Integrals of the form  






 ++ dxcbxaxxR 2, . 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 18. Integration of trigonometric functions 

 

The purpose of the lesson: to master the integration of various trigonometric functions. 

 

Issues for discussion: 

1. Integral of the form  dxxxR )cos,(sin . 

2. Integral of the form  dxxxR )cos,(sin , if the function R is odd with respect to cosx. 

3. Integral of the form  dxxxR )cos,(sin , if the function R is odd with respect to sinx . 

4. Integral of the form  dxxxR )cos,(sin , function R is even with respect to sinx and cosx. 

5. Integral product of sines and cosines of different arguments. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

Semester 2 

Lesson No 19. Definite integral and its properties 

 

The purpose of the lesson:  to master the concept of a certain integral, to study its basic 

properties, to learn how to calculate a certain integral using the Newton-Leibniz formula. 
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Issues for discussion: 

1. The concept of a definite integral, its geometric and physical meaning. 

2. Basic properties of a certain integral. 

3. Relation of a definite integral to an indefinite one, the Newton-Leibniz formula. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 20. Methods for calculating a definite integral 

 

The purpose of the lesson:  to master the methods of calculating a certain integral according 

to the Newton-Leibniz formula, to work out the method of replacing a variable and the method of 

integrating in parts in a certain integral. 

 

 

Issues for discussion: 

1. Relation of a definite integral to an indefinite one, the Newton-Leibniz formula. 

2. A method of replacing a variable in a certain integral. 

3. The method of integration in parts in a certain integral. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 21. Applications of a definite integral 

 

The purpose of the lesson: to get acquainted with the applications of a certain integral. 

 

Issues for discussion: 

1. Calculate the area of a flat figure.  

2. Calculate the arc length of a plane curve.  

3. Calculation of the volume of the body of revolution.  

4. Calculate the surface area of rotation.  

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 22. Improper Integrals 

 

The purpose of the lesson: to learn how to calculate improper integrals of the first and second 

types in case of their convergence or to establish their divergence. 

 

Issues for discussion: 

1. Improper integrals of the first type. 

2. Improper integrals of the second type. 
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List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

SECTION IV. DIFFERENTIAL CALCULUS FOR FUNCTIONS OF SEVERAL 

VARIABLES 

 

Lesson No 23. Functions of several variables. Basic concepts, scope of definition 

 

The purpose of the lesson: to master the definition of the function of several variables, to learn 

how to perform their general study, to find the field of definition. 

 

Issues for discussion: 

1. Define a function of multiple variables. 

2. Basic concepts, scope of definition of the function of several variables. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 24. Partial derivatives of functions of several variables 

 

The purpose of the lesson: to learn how to calculate partial derivatives and partial differentials 

of a function of several variables. 

 

Issues for discussion: 

1. Partial derivatives of functions of several variables. 

2. Partial differentials of functions of several variables. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 25. Full differential of a function of several variables 

 

The purpose of the lesson: to develop the skills of finding the full differential of the function 

of several variables. 

 

Issues for discussion: 

1. Full differential and its relation to partial derivatives of a function of several variables. 

2. Invariance of the form of the full differential. Geometric meaning of the partial derivative 

and the full differential. 
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List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 26. Higher Order Partial Derivatives and Differentials 

 

The purpose of the lesson: to learn how to calculate partial derivatives and complete 

differentials of higher orders. 

 

Issues for discussion: 

1. Partial derivatives and complete differentials of higher orders. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

Lesson No 27. Differentiation of complex functions 

 

The purpose of the lesson: to master the differentiation of complex functions of several 

variables depending on the type of function (to consider three cases). 

 

Issues for discussion: 

1. Differentiation of complex functions of several variables, case 1. 

2. Differentiation of complex functions of several variables, case 2. 

3. Differentiation of complex functions of several variables, case 3. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 28. Extremum of a function of several variables 

 

The purpose of the lesson: to master the determination of the extremum of the function of 

several variables, the necessary and sufficient condition for the existence of extremum points.  

 

Issues for discussion: 

1. Extremum of a function of several variables. 

2. A necessary and sufficient condition for the existence of extremum points  of a function 

of several variables. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 
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Lesson No 29. The largest and smallest value of the function of several variables 

 

The purpose of the lesson:  to master the technique of solving problems to find the largest and 

smallest value of the function of several variables, to determine the derived function in a given 

direction, to calculate the gradient of the function of several variables. 

 

Issues for discussion: 

1. The highest and lowest values of a function of multiple variables.  

2. Directional derivative. Function gradient. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

SECTION V. INTEGRAL CALCULUS FOR FUNCTIONS OF SEVERAL 

VARIABLES 

 

Lesson No 30. Calculation of double integrals by double integration 

 

The purpose of the lesson: to master the definition of a double integral,  the necessary 

condition for its existence,  the technique  of calculating a double integral in Cartesian coordinates 

by reducing to a repeated integral. 

 

Issues for discussion: 

1. Definition of a double integral, a necessary condition for its existence. Criterion for the 

existence of a double integral. 

2. Classes of integrable functions.  

3. Properties of a double integral.  

4. Calculation of a double integral in Cartesian coordinates by reducing to a repeated integral. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 31. Calculating the double integral in Cartesian coordinates 

 

The purpose of the lesson: to master the definition of a double integral,  the necessary 

condition for its existence,  the technique  of calculating a double integral in Cartesian coordinates 

by reducing to a repeated integral. 

 

Issues for discussion: 

1. Properties of a double integral.  

2. Calculation of a double integral in Cartesian coordinates by reducing to a repeated integral. 

 

List of references recommended for use on this topic.  

Main: 1-2  
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Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 32. Transition to polar coordinates in double integrals 

 

The purpose of the lesson: to master the replacement of variables under the sign of the double 

integral, the calculation of the double integral in polar coordinates. 

 

Issues for discussion: 

1. Replacement of variables under the sign of a double integral.  

2. Calculation of the double integral in polar coordinates.  

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 33. Geometric Applications of Double Integrals 

 

The purpose of the lesson: to learn how to solve problems for calculating the areas of 

curvilinear regions, the volumes of bodies of arbitrary shape using a double integral. 

 

Issues for discussion: 

1. Geometric applications of the double integral. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 34. Calculation of the triple integral in Cartesian coordinates 

 

The purpose of the lesson: to get acquainted with the concept of "triple integral", to master 

the technique of calculating it in Cartesian coordinates by reducing it to a threefold integral. 

 

Issues for discussion: 

1. Calculation of the triple integral in Cartesian coordinates. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

Lesson No 35. Calculation of the triple integral in cylindrical coordinates 

 

The purpose of the lesson: to work out the calculation of triple integrals in cylindrical 

coordinates. 
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Issues for discussion: 

1. Triple integral in cylindrical coordinates. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 36. Calculation of the triple integral in spherical coordinates  

 

The purpose of the lesson: to work out the calculation of triple integrals in spherical 

coordinates. 

 

Issues for discussion: 

1. Triple integral in spherical coordinates. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 37. Geometric Applications of Triple Integrals 

 

The purpose of the lesson: to solve geometric problems for the application of triple integrals. 

 

Issues for discussion: 

1. Geometric Applications of the Triple Integral. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

SECTION VI. ROWS 

 

Lesson No 38. The concept of a numerical series with positive terms 

 

The purpose of the lesson: to master the basic concepts and definitions of the theory of 

numerical series with positive terms. 

 

Issues for discussion: 

1. A numerical series and its partial sums, converging and diverging numerical series.  

2. The simplest properties of converging series. The remainder of the series.  

3. Necessary conditions for the convergence of numerical series.  

4. Harmonic series.  

5. Cauchy criterion for the convergence of numerical series. 
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List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 39. Signs of comparison of the convergence of a numerical series, 

d'Alembert's sign 

 

The purpose of the lesson: to work out the use of comparison signs, the d'Alembert sign for 

the study of the convergence of numerical series with positive terms. 

 

Issues for discussion: 

1. A sign of comparison of series with non-negative terms. 

2. The ultimate feature of comparing rows with non-negative terms. 

3. The d'Alembert sign of convergence of series with non-negative terms. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 40. Cauchy's radical and integral signs of the convergence of a numerical 

series 

 

The purpose of the lesson: to work out the application of radical and integral Cauchy signs of 

the study of the convergence of numerical series with positive terms. 

 

Issues for discussion: 

1. Cauchy's radical sign of convergence of series with non-negative terms. 

2. Cauchy's integral criterion of convergence of series with nonnegative terms. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 41. Alternating rows. Leibniz's sign 

 

The purpose of the lesson:  to master the concept of an alternating series and to learn how to 

study its convergence with the help of Leibniz's signs. 

 

Issues for discussion: 

1. Alternating rows, Leibniz's sign. 

2. Absolute and conditionally converging series.  

3. Rearrangement of members in absolutely converging rows. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 
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Internet resources: 1-4 

 

 

Lesson No 42. Study of the convergence of functional series 

 

The purpose of the lesson: to master the concept of a functional series and to study the study 

of its convergence. 

 

Issues for discussion: 

1. Pointwise and uniform convergence of functional sequences.  

2. Cauchy criterion for uniform convergence of a functional sequence.  

3. Functional series, the area of their convergence.  

4. Uniform convergence of functional series, Weierstrass sign.  

5. Limit transition under the sign of the integral. Term integration of functional series.  

6. Limit transition under the sign of a derivative. Member-by-term differentiation of 

functional series. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

 

Lesson No 43. Study of the convergence of power series 

 

The purpose of the lesson: to master the definition of a power series and to study the issues of 

studying its convergence. 

 

Issues for discussion: 

1. The concept of a power series, Abel's theorem.  

2. Interval and radius of convergence of a power series, Cauchy–Hadamard formula.  

3. Uniform convergence and continuity of the sum of the power series.  

4. Member-by-term integration and differentiation of power series.  

5. Problems of the decomposition of a function into a power series, the existence of the 

decomposition of a function into a Taylor series.  

6. Decomposition into power series of elementary functions.  

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 44. Fourier series decomposition of even and odd functions 

 

The purpose of the lesson:  to master the concept of the Fourier trigonometric series and the 

technique of decomposing even and odd functions into a Fourier series. 

 

Issues for discussion: 

1. Fourier trigonometric series. Fourier coefficients.  
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2. Sufficient signs of Fourier series decomposition. 

3. Fourier series decomposition of a nonperiodic function. 

4. Fourier series for even and odd functions. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 

Lesson No 45. Fourier series expansion of functions with an arbitrary period 

 

The purpose of the lesson: to solve the problem of Fourier series decomposition of functions 

with an arbitrary period. 

 

Issues for discussion: 

1. Fourier series for functions of any period. 

 

List of references recommended for use on this topic.  

Main: 1-2  

Additional: 1-4 

Internet resources: 1-4 

 


